A computational study on the enhancement of the second harmonic generation (SHG) in one-dimensional (1D) photonic crystals is presented. The mathematical model is derived from a nonlinear system of Maxwell's equations, which partly overcomes the shortcoming of some existing models based on the undepleted pump approximation. We designed an iterative scheme coupled with the finite element method which can be applied to simulate the SHG in one dimensional nonlinear photonic band gap structures in our previous work. For the case that the nonlinearity is strong which is desirable to enhance the conversion efficiency, a continuation method is introduced to ensure the convergence of the iterative procedure. The convergence of our method is fast. Numerical experiments also indicate the conversion efficiency of SHG can be significantly enhanced when the frequencies of the fundamental and the second harmonic wave are tuned at the photonic band edges. The maximum total conversion efficiency available reaches more than 50% in all the cases studied.
Introduction
Photonic crystals (PhCs) are artificially fabricated structures in which the index of refraction varies alternatively between high-index regions and low-index regions. Due to its periodic variation of the refractive index, a photonic crystal (PhC) exhibits unusual dispersion properties and frequency intervals (i.e., bandgaps) in which propagating Bloch waves do not exist [1, 2] . In recent years, nonlinear optical phenomena such as second harmonic generation (SHG) in nonlinear photonic crystals have attracted extensive interest because of the extraordinary capabilities of the photonic crystal structures in controlling the light of visible and infrared wavelengths. It is well known that photonic crystals inhibit propagation of electromagnetic waves within a range of frequencies (photonic band gap). In a number of applications, nonlinear PhC devices offer unique fundamental ways of enhancing a variety of nonlinear optics.
1D photonic band gap (PBG) structures are the modern version of the old interference filters. The structure with index fluctuation contributes to localization of wave across the interfaces of layers with different index of refraction. The nonlinear phenomena in 1D photonic band gap (PBG) structures are governed by the system of nonlinear Maxwell equations. H. Ammari and K. Hamdache have provided rigorous proofs of global existence, uniqueness, and regularity of solutions to a system of nonlinear Maxwell equations in [3] . In previous studies, it has been observed that the enhancement of SH generation in photonic crystals is attributed to the high density modes near the band edges under phase-matching conditions [4, 5] . A general and rigorous theory on SHG in nonlinear multilayered devices can be referred to S. Enoch and H. Akhouayri [6] . They have described a matrix method which can precisely represent the SHG in the depleted pump regime, as well as other nonlinear phenomena such as third-harmonic generation and stimulated Raman scattering.
Recently, an expansion based on the left-to-right (LTR) and right-to-left (RTL) linear modes in 1D nonlinear PhCs was reported in [7] [8] [9] . The method analyzes the fully nonlinear system by using a multiple scale expansion approach. Assuming the nonlinear effects should only affect the solution of the linear problem on a length scale much larger than the single element of the structure, the first-order expansion of the electric fields can be expressed as a combination of the LTR modes and RTL modes that depend only on the fast variable and can be calculated by standard matrix transfer techniques. In [8] , the nonlinear differential equations of the amplitudes of LTR and RTL modes are solved by using a shooting procedure. This method is efficient in one dimension. Numerical results in [8] showed a number of surprising results. However, this method is based on LTR and RTL modes and multiple scales expansion, it is not straightforward to extend the idea to PBG structures in higher dimensions. In [10, 11] , a variational approach that combined the finite element methods and the fixed-point iteration was investigated to study SHG in one dimensional nonlinear optical films, which can be extended to high dimensional structure. But the method fails to produce convergent solution since the iteration scheme may break down when the nonlinearity is very strong.
In this paper, we develop a continuation approach to the combination of finite element methods with a fixed-point iteration algorithm to ensure the convergence of the iterative procedure. We consider the SHG in 1D nonlinear photonic crystal structures in the presence of strong nonlinearity. Numerical results based on this approach indicate that the SHG efficiency in 1D nonlinear PhCs can be significantly enhanced by applying strong incident wave.
Our approach to solve the underline nonlinear Helmholtz equation is based on the weak formulation of the fully nonlinear system. Since the method combining finite element methods and general fixed-point iteration is efficient when the nonlinearity is not so strong, we study the incremental field due to small increase of the intensity of the incident wave, assuming both fields continuously depend on the input. A new variational formulation for the increment fields is derived based on the perturbation technique. The incremental fields can be computed iteratively by the combination of finite element methods and the general fixed-point iteration algorithm. By increasing the input intensity successively, we can obtain the FF field and SH field for strong incident pump. The continuation method can accurately predict the field intensity distribution of both reflected and transmitted waves. The transmission, reflection and conversion efficiency in the case of strong incident pump for variety of PhC structures are studied. The numerical results show that the conversion efficiency of SHG can be significantly enhanced when the frequencies of the fundamental wave are located at the photonic band edges, and the maximum total conversion efficiency available reaches more than 50% in all the cases studied, regardless of the magnitude of the second order nonlinear susceptibility tensors. The method has the advantages of fast numerical convergence, successfully handling the problem of very strong pump, being easily extended to high dimensional PBG structures. The techniques described in this paper may also be extended to study other nonlinear phenomena in PhCs.
The outline of the remainder of this paper is as follows. In Section 2, we introduce the classical nonlinear model for SHG in one dimensional PhCs. The numerical method combining finite element methods and continuation fixed-point iteration algorithm is presented in Section 3. The properties of the SHG in one-dimensional photonic crystal structures, the conversion efficiency and accuracy of our method are demonstrated by numerical examples in Section 4.
Model for second harmonic generation
Consider a typical 1D photonic crystal with the structure denoted by (AB) m , where m is the number of periods. The structure is assumed to be periodic in the x direction when 0 ≤ x ≤ D. It is further assumed that the media are nonmagnetic with constant magnetic permittivity everywhere, there is no external charge or current present in the field, and the electric and magnetic fields are time harmonic, i.e.,
Assuming both fundamental frequency and the second harmonic wave are in the transverse electric (TE) polarization, for the SHG, the Maxwell equations yield the following coupled system [10] :
where E 1 and E 2 are two electric fields at fundamental frequency ω and second harmonic frequency 2ω respectively. E * 1 denotes the complex conjugate. k 0 = ω/c is the free space wavenumber. c is the speed of the light in vacuum. n 1 and n 2 are the linear refractive index functions at ω and 2ω respectively. χ (2) 1 and χ (2) 2 are two elements in the second order nonlinear susceptibility tensors at ω and 2ω.
The background structure is linear for x<0 and x>D, i.e., the nonlinear PhC structure is placed between two linear media with the refractive index n l (x < 0) and n r (x > D), respectively. As discussed in [10] and [11] , when the incident light is normally launched upon the surface of the sample along the x direction, in the region x < 0,
where the incident electric field is (0,E I e iα l x ,0),
and E 2R are the reflectivity constants, corresponding to frequencies ω and 2ω respectively. In the region
where α r = k 0 n r , β r = 2k 0 n r , E 1T and E 2T are the transmittance constants corresponding to frequencies ω and 2ω respectively. Since the tangential components of E i and H i are continuous across x = 0 and x = D, we have the boundary conditions as
Hence, we study the nonlinear phenomena in 1D PhCs by solving the nonlinear coupled Helmholtz equations (2.1a)-(2.1b) in domain [0,D] with the boundary conditions (2.2a)-(2.2d). The variational formulation of the nonlinear system in nonlinear optical films was presented in [10] . Let v be a test function and multiply both sides of (2.1a)-(2.1b) by v * , then integrate by parts with the boundary conditions (2.2a)-(2.2d). Since the usual jump conditions at the interface between two homogeneous materials are valid, we have
It is expected to obtain high SHG efficiency in a nonlinear photonic crystal structure. Here, the conversion efficiency is measured by the ratio of the output energy at 2ω over the input energy of pump wave. For the 1D photonic crystal structures, we can define the incoming energy e in = k 0 n l |E I | 2 , when the incident electric field is (0,E I e ik 0 n l x ,0). The total outgoing energy will escape from four channels, which means
, where
The forward SH conversion efficiency η + SH and the backward SH conversion efficiency η − SH are defined by
The transmitted and reflected fundamental frequency (FF) field are T FF and R FF respectively, with
The total energy is conserved in the sense that
Continuation fixed-point iteration algorithm
On the domain Γ = [0,D], we consider the following variational problem: find U 1 and
where
We start this section by reviewing the fixed-point iteration algorithm combined with the finite element methods to solve (3.1). For a given incident electric field with E I , choose parameter ǫ 0 > 0, set j = 0.
2 ) by solving the following variational problem
Step 6; else goto Step 3.
The (FPIA) method for SHG in nonlinear optical films was presented in [10] and [11] . As shown by Bao and Dobson in [10] , for a given E I , the variational problem (2.3a)-(2.3b) has a unique solution E 1 , E 2 when the product of ||k 2 0 χ
2 || L ∞ is not too large. The numerical results in [10] and [11] show that the convergence of the scheme relies on the intensity of incident electric field and the second order nonlinear susceptibility tensors of the media. Moreover, when the intensity of incident electric field is very large or the product of ||k 2 0 χ
2 || L ∞ becomes very large, the convergence of the general fixed-point iterations method may be slow, or the iteration scheme may break down, in view of Theorem 3.1 of [10] .
To compute the numerical solution to the problem of SHG in the presence of strong nonlinearity (here we focus on strong incident pump), we design a continuation fixedpoint iteration algorithm (CFPIA) to solve the variational problem (2.3a)-(2.3b). The basic idea of CFPIA is that we study the incremental field due to small increase of the intensity of the incident wave, assuming both fields continuously depend on the input. A variational formulation for the incremental fields can be derived based on the perturbation technique. The incremental fields can be computed iteratively by the combination of finite element methods and the general fixed-point iteration algorithm. By increasing the input intensity successively, we can obtain the FF field and SH field for strong incident pump. To illustrate this idea, for instance, we consider the variational problem (3.1). Let δE = E I,1 −E I,0 (E I,1 > E I,0 ), and δU k = U k,1 −U k,0 , k = 1,2, where U 1,m and U 2,m are the solution of variational problem (3.1) while the incident pump intensity is E I,m , m = 0,1 respectively. The solution for E I,0 is obtained by the combination of linear finite element method and general fixed-point iteration algorithm, the new variational formulation for the increment fields can be written as
where W 1 =δU 1 * U 2,0 +U 1,0 * δU 2 +δU 1 * δU 2 and W 2 =(δU 1 ) 2 +2U 1,0 δU 1 . δU 1 and δU 2 can be solved iteratively by using the general fixed-point iterations. Therefore U 1,1 = U 1,0 +δU 1 , U 2,1 = U 2,0 +δU 2 . This procedure can be repeated by replacing (U 1,0 ,U 2,0 ) in the righthand side of (3.2) with the computed (U 1,1 ,U 2,1 ). This simply means we can iteratively get the solution for lager incident field by using the continuation fixed-point iteration algorithm CFPIA, summarized as Given the increment δE I , and the starting E I,s and the ending E I,e , choose parameter ǫ 0 > 0. Set j=0.
1. Set E I,0 = E I,s . Use FPIA with parameter ǫ 0 to obtain U 1,0 , and U 2,0 satisfy the variational problem:
2. j = j+1 and E I,j = δE+E I,j−1 . 3. Use FPIA with parameter ǫ 0 to obtain δU 1 , and δU 2 satisfy the variational problem:
where We numerically solve the problem (2.3a)-(2.3b) to obtain the fundamental frequency field and the second harmonic filed in 1D nonlinear PhCs by following CFPIA, adopting the linear finite element. It is easy to compute the transmittance constants and reflectivity constants corresponding to frequencies ω and 2ω respectively. The SH conversion efficiencies and transmitted and reflected FF field can be calculated using definitions in the previous section.
Numerical results and discussion
Photonic crystals have brilliant geometrical properties to improve many nonlinear effects. There are two ways to enhance the SHG in nonlinear PhCs [12] [13] [14] [15] [16] [17] . One is to adjust the frequencies of both the fundamental wave (FW) and the second harmonic wave (SHW) simultaneously to the photonic band edges (PBEs). The other is to introduce some defect to the nonlinear PhCs. In this paper, we consider the perfect PhCs and tune the frequencies of both FW and SHW to reach global phase matching. We expect the SH conversion efficiency to be enhanced significantly in this scenario. The first example we consider is a structure composed of alternatively dielectric Anonlinear material B layers surrounded by vacuum, M. Scalora et al. in [12] . The periodic structure has m = 20 layers with a lattice constant l = l A +l B , where l A = λ 0 /(4n A 1 ), and l B = λ 0 /(2n B 1 ) respectively for a reference wavelength λ 0 = 1µm. The refraction indices are n A 1 = 1.0, n B 1 = 1.42857, n A 2 = 1.0, and n B 2 = 1.519. Since the background medium is vacuum, we have n r = n l = 1.0. Assume that the nonlinearity is distributed uniformly throughout the PBG structure and consider the second order nonlinear susceptibility tensors χ (2) It is well known the band structure and its features are strongly influenced by the number of periods, the lattice constant, and the material dispersion. For the enhance- ment of SHG in a periodic nonlinear PhC structure, the lattice constant or the refraction indices are chosen so that both the fundamental frequency field and the second harmonic field need to be tuned sharply at the first transmission resonance near the first-order and second-order band gap transmission resonance. To illustrate this, we tune the refraction index of the dielectric material to ensure the transmission resonance. We consider the third example which has the same structure as in Example 2, but with different values of the refraction index in A-layers, n A 1 = 3.3437. In Fig. 3 Absolute values squared of the fundamental frequency field and the second harmonic field inside the PBG structure, during the SHG process for different input intensity, are shown in Fig. 4 for the nonlinear PhC structure in Example 1, and Fig. 5 for the nonlinear PhC structure in Example 3. One may observe clearly the global phase matching between the fundamental frequency wave and second harmonic wave. Since the wavelength of second harmonic signal is half of the pump wave, there are two intensity maxima of second harmonic wave inside each high index layer, while there is a single peak for fundamental frequency wave. We further calculated the SH conversion efficiencies and reflected and transmitted percentage for the same structure in Example 1 and Example 3, respectively, but with different values of the nonlinear coupling coefficient. It is shown in Fig. 6 that the energy output in four channels with χ (2),B = 60pm/V and χ (2) ,B = 240pm/V in the structure of Example 1. In Fig. 7 , the energy output is shown in four channels with χ (2),A =120pm/V, and χ (2) ,A = 60pm/V in the structure of Example 3. We can draw a conclusion that the maximum total conversion efficiency available reaches more than 50% in all the cases studied, regardless of the magnitude of χ (2) as long as the incident wave is strong enough.
Conclusions
We have presented a simple and efficient numerical method combining the finite element method and a continuation fixed-point iteration algorithm to analyze SHG in one dimensional photonic crystals. The method has the advantages of fast numerical convergence. The numerical result shows that it can successfully handle the problem of strong nonlinearity. The scheme can be conveniently extended to the two dimensional PBG structures, which will be a future project. We have also analyzed the dependence of the outgoing energy in four channels on the incident pump for the SHG in one dimensional PhCs. Our numerical results show that the conversion efficiency of SHG can be significantly enhanced by increasing the pump intensity when the frequencies of the fundamental wave and the second harmonic wave are located at the photonic band edges.
